In a queueing system involving multiple service windows, choice behavior is a significant concern. This paper incorporates the choice of service windows into a queueing model with a floor represented by discrete cells.
Introduction
There are a considerable number of pedestrian queueing systems, including cash registers in shops, automated teller machines in banks, and ticket-vending machines in stations. It is important to investigate queueing systems for several reasons. One reason is that pedestrians in queues usually feel discontented to be doing nothing but waiting. For example, many people who want to enjoy popular attractions in an amusement park have to wait in queues. Another reason is that queues have unfavorable effects on the surrounding environment. For example, when an attractive device is on sale, enthusiasts form queues around shops and obstruct roads.
One major strategy to deal with pedestrian queueing systems is queueing theory [1] . Queueing theory originates from the work of Erlang [2] , who explored telephone exchange systems. Numerous advances have subsequently been made, such as Kendall's notation [3] , Burke's theorem [4] , the Jackson network [5] , and Little's theorem [6] . Recently, queueing theory has been applied to pedestrian and vehicle traffic [7, 8] , the Internet [9, 10] , and logistics [11] .
Another sophisticated method to analyze pedestrian queueing systems is the totally asymmetric simple exclusion process (TASEP). TASEP is an elementary mathematical model established by MacDonald and Gibbs [12, 13] to examine the kinetics of biopolymers and polypeptides. Its characteristics have been explored [14, 15, 16] , and it has been applied in many fields, e.g., car traffic models [15, 17, 18, 19] and pedestrian queueing models [20] .
Recently, the exclusive queueing model [21, 22, 23, 24] was developed by combining TASEP with a normal queueing model. This model reproduces pedestrian queueing systems better than conventional normal queueing models. Even though the spatial factor is considered in the exclusive queueing model, the choice of service windows has not been incorporated. Yanagisawa et al. [22] created a model with exclusive queueing passages to service windows and normal queueing waiting lanes prior to the distribution of pedestrians to service windows. Their model distributes pedestrians to the service windows if they are vacant. However, there are many situations where pedestrians need to choose which service windows they should approach. Therefore, in this study, we created an exclusive queueing model with a choice of service windows, involving one entrance and multiple service windows. Its simplicity accommodates a vast array of applications, such as security-check areas in airports and ticket gates in amusement parks. Therefore, this study can make a substantial contribution to the management of systems similar to those in our model.
There are two types of choices in our daily lives: choices given by a managing authority and choices determined by the pedestrians themselves. One example of the former is the distribution of users in a call center [25, 26, 27] . A stair-escalator choice provides an example of the latter [28] . There are multiple situations where a managing staff helps an pedestrian choose; however, it is important to investigate how pedestrians choose their target service windows. Therefore, we consider a combined situation, that is, we 2 adopted a system in which the pedestrians' choices were self-determined with staff support and addressed the conditions that attained efficient management.
The choice of exit for pedestrians in evacuation literature has been investigated by many researchers.
When pedestrians choose exits, there are several factors that influence how they proceed. According to questionnaires and experiments, pedestrians tend to emphasize four criteria: (1) the distances to exits, (2) the pedestrian densities around the exits, (3) whether to follow other pedestrians, and (4) the flow of a particular exit, such as an emergency exit or a main entrance [29] . Multiple simulations have assumed that the distance is the primary factor that pedestrians consider when choosing exits [28, 29, 30, 31, 32, 33, 34] . Congestion has also been integrated into these models with various definitions, such as the number of pedestrians or the density of pedestrians around exits [28, 29, 30, 31, 33, 34] and the pedestrian density around other pedestrians [32, 34] . The abovementioned analyses, except for the stair-escalator choice studied by Ji et al. [28] , were based on evacuation cases; however, there are few studies concerning the management of a queueing system with a choice of service windows. Furthermore, even though Blanc explored the probability that pedestrians lined up in shorter queues would suffer longer waiting times [35] , to our knowledge, choices affected by queues to target service windows have not been sufficiently studied. Therefore, we tackled these two lapses by addressing the floor management of a queueing system and considering the queue to be an important element when choosing a service window. Thus, our research provides an opportunity to achieve administrative improvement in a queueing system under various scenarios that are not limited to evacuation cases. Our exclusive queueing model including service window choice concentrated on criteria (1) and (2), which are more fundamental and important elements, as a first step, leaving criteria (3) and (4) to future studies.
When there are several factors influencing a discrete choice, a useful method is the logit model, which was proposed by McFadden [36] . In studies of route choice, the logit model has frequently been used [28, 32, 33, 34, 37] . We introduced a logit-based choice model for multiple service windows on a floor represented by discrete cells. In our model, the number of agents 1 and the distances to the service windows were used as the choice elements by the agents because these were considered strongly by real pedestrians.
Thus, the floor management of a queueing system could be addressed.
Here, a logit-based choice model for multiple service windows on a floor represented by discrete cells is presented. The floor model is extended from the partially exclusive queueing model conceived by Yanagisawa et al. [22] to a completely exclusive queueing model. Further, we added service window choice by agents as a logit-based probability, where agents consider the congestion degrees of all service windows and the distances when they choose a service window. This study primarily aims to explore the characteristics of the floor applicable to a variety of situations from the viewpoint of transit times and entrance block rates. 1 We call the pedestrians in our model not "pedestrians" but "agents."
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The results of this article are useful for administrative improvements and to design floor layouts where pedestrians walk and receive services.
The remainder of this paper is organized as follows. The model is described in Sec. 2. The floor configuration and the probability of service window choice are articulated. The characteristics of our model derived through our simulation are explained in detail in Sec. 3. In addition, the effects of various parameters on the performance measures in our model are investigated. We present the conclusions and offer suggestions for future studies in Sec. 4. 
Floor configuration and update rule
Many queueing systems, e.g. the security-check areas in airports and ticket offices, can harm the pedestrians in the system and the surrounding environment. To address these problems, we constructed a simulation model ( Fig. 1 ) and surveyed performance measures such as the use ratios, the transit times of the service windows, and the entrance block rate.
The floor configuration is as follows. There is one entrance and n s service windows. The entrance is located at e with the left most coordinate as one. j represents the index of the service windows. The intervals between the adjacent service windows are described by l. The perpendicular distances from the entrance cells to the service windows are set to L.
The arriving agents are injected to the entrance depicted by the red arrow. The interval of the arrival follows a log-normal distribution f a (m a , s a ), with its mean and standard deviation notated as m a and s a , respectively. Each service window also has a service time distribution f
s , and a standard deviation, s
s . Both inter-arrival and service times are assumed to follow log-normal distributions. An exponential distribution is often assumed for the inter-arrival and service times in basic queueing models. Log-normal distributions were introduced instead due to their eligibility in queueing theory, as mentioned in Refs. [38, 39, 40] . Discrete inter-arrival and service times were calculated in our simulation as described in Appendix A.
The model is based on TASEP with discrete time and parallel updates. The update rule of the simulation is configured as follows. First, agents stochastically arrive at the entrance of the modeled floor. If the entrance cell is empty and a queue in front of the entrance cell is not formed, the agent who arrives can enter the entrance cell. Otherwise, the agent has to stand at the end of the queue. Next, the agent chooses the target service window by comparing the lengths of the queues and the distances to the service windows.
Then, they proceed with a probability p, reach the target service window, receive service, and finally leave the floor.
Window choice
We integrated two pedestrian tendencies to a method of service window choice for an agent in our model. Some pedestrians may prefer to head for less crowded service windows because they want to shorten their waiting times. Others may choose closer service windows because they want to shorten their walking times and minimize their possible fatigue. In this article, both preferences were incorporated into our model to form an equation that represents the probability of choosing the jth service window as follows: where Z is the normalization constant, N j is the number of agents heading to the jth service window, and D j is the distance from the entrance cell located at e to the jth service window. The parameter k N is the intensity of the influence of the number of agents, N j , on the choice of service windows. When there are many pedestrians or obstacles on the floor of a queueing system, the views of newly arrived pedestrians are blocked and they have difficulties in judging which service window is less congested. In such a case, staff's guidance can ameliorate pedestrians' choice. Guidance in a real situation corresponds to the upward shift of the parameter k N in our model. The parameter k D is the intensity of the influence of the distance D j .
E [X] and V [X]
are the mean and the variance, respectively, of the series {X j } pertaining to j.
The number of agents N j , the distance D j and the probability of the service window choice P j in Fig. 1 are depicted in Fig. 2 . We confirmed that the choice probability for the 3rd service window is larger than that for the 5th one due to its shorter distance for the same number of agents. Even though the distance is shortest for the 1st service window, it is not popular because it is chosen by preceding agents.
Because actual pedestrians should proceed to less crowded or nearer service windows, it is reasonable to consider k N > 0 and k D > 0 for the probability of the service window choice in our model. In this paper, the combination of these two parameters is called the 'strategy' of the window choice. 
Performance measure
In this article, we constructed three performance measures for the model: the use ratio, the transit time, and the entrance block rate. The use ratio is the proportion of the number of agents passing through each service window to the total number of agents. The transit times are the total times that the agents spend passing through the floor in our simulation, i.e., the total time waiting in the queue ahead of the entrance, walking the aisle to the service window, waiting in the queue in front of the service window, and receiving service. The entrance block rate is the rate at which the queues from the service windows extend to the entrance and impede the agents from proceeding.
Reference model and strategy
All parameters in this model are summarized in Table 1 . We examined the parameters that have a strong effect on the model. Owing to the large number of parameters, a reference model was created (Fig.   3 ) and the influence of each parameter was investigated in comparison to it. For the distributions of both the inter-arrival and service times, the coefficients of variation were based on empirical data specified in Ref. [24] . We set the reference value of the mean of the inter-arrival time to be larger than the service time of the entire floor to achieve a queueing theory stationary state, that is, the waiting times and the number of waiting agents converge. For simplicity, the hopping probability p = 1.0. Table 1 .
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Simulation results
Thus far, we have described the details of our model, that is, the floor configuration, method of service window choice, performance measures, reference model and choice strategies. Hereafter, we provide the results of our simulations. First, we investigate the effect of the window choice strategy on the use ratio and the transit time in Sec. 3.1. Then, the average transit time and entrance block rate are analyzed by altering each parameter of the model. We investigate the state where 500 agents pass through the floor after the first 10,000 steps. This trial was repeated 10,000 times for each simulation condition. The error bars in the figures represent the standard deviation of the results of the 10,000 trials.
Window choice strategy
The use ratio and the transit time of the service windows were analyzed for the four strategies described in Table 1 . In Fig. 4 (a) , which shows the use ratio, we see results consistent with our intuition for the three strategies R, N and D, i.e., the service windows were selected equally for strategies R and N while the ones closer to the entrance were well used for strategy D. Strategy B offered a blend between these strategies and the agents declined gradually with distance from the entrance. This can be attributed to the tendency for agents to head for closer service windows unless the number of waiting agents there becomes too large.
The transit times for strategy D became large (Fig. 4 (b) ). This resulted from congestion near the The average transit times are arranged from strategies R to B to N in descending order. Regarding strategies N and R, agents for both could be distributed equally from a long-term perspective. However, their transit times differ from each other. In strategy N , agents covered the queues with fewer agents immediately when there was a bias in the number of agents toward the service windows. By contrast, in strategy R, agents selected their windows at random. Therefore, congestion lasted longer with strategy R.
Even though this equality mechanism for the number of agents was also valid for strategy B, the transit times increased compared to those with strategy N because more agents were willing to pass the closer service windows.
(a) (b) 
Utility rate
The average transit times and entrance block rates as a function of the utility rate are depicted in Fig. 5 .
The utility rate is defined as (m (j) s + 1)/m a = 51/5m a as in the exclusive queueing model [21] . The average transit times increase with the utility rate, while the thresholds of abrupt surges are arranged from strategies R to B to N . Figure 5 (b) suggests why this happened, i.e., the rising entrance block rates caused the increase in the average transit times. The increases in the average transit times became steep for entrance block rates greater than 0.2.
A utility rate greater than 1.0 indicates the arrival of more agents than the service capacity, and this condition should lead to a diversion in the number of agents and their transit times. However, the average transit time was relatively small for a utility rate of slightly more than 1.0 for strategy N as shown in Fig.   5 (a). This is because with strategy N , agents' window choices were strongly influenced by the number of agents toward the service windows and the agents were nearly evenly distributed. When the simulation finished after passing the target of 500 agents, the remaining agents could be accommodated within the floor cells and the entrance cell was not likely to hinder subsequent agents by being occupied. Therefore, the transit time for strategy N with a utility rate of slightly more than 1.0 did not have a large value during the simulation times. Even though the diversion was not clearly observed for strategy N under the simulation condition, it can reach an obvious diversion with additional simulation steps, as seen in the other strategies.
For strategies R and B, more frequent choices of longer queues resulted in quick diversions.
Window interval: l
The influence of the intervals between service windows, l, was explored (Fig. 6 ). Both the average transit time and the entrance block rate share the same tendency, that is, for strategies N and B, their values slightly increased, while for strategy R, their values decreased. The increase in the transit time was caused by the greater walking distance for the agents to the service windows. Even though the distance affected the transit time and block rate in a similar fashion for strategy R, the reduction of the congestion had a greater influence. The probability of the entrance being encumbered by longer queues from remote service windows became small with larger l (Fig. 6 (b) ), causing the average transit time to decrease ( Fig.   6 (a) ).
Floor length: L
In this section, the effects of the floor length L are investigated. The parameter L can be interpreted as the maximum waiting agent capacity for the service windows. The transit times decrease as the floor length L increases when L is small ( Fig. 7 (a) ). Having a small L deprives the agents of space to wait, so that queues from the service windows easily blocked the entrance cell ( Fig. 7 (b) ). Therefore, having more space for agents to wait in prevented the queues from encumbering the entrance. However, the average transit time starts to increase when L is further increased. Having a large distance to walk accounts for this phenomenon; this is similar to the effect seen for the window intervals l. Consequently, a minimum transit time exists for a floor length L, as depicted in Fig. 7 (a) . The minimum values for strategies R, N , and B
were achieved when the floor lengths were 6, 18, and 42, respectively.
Number of service windows: n s
To examine the average transit times and entrance block rates for different numbers of service windows, we assume that the mean service time of each service window increases proportionally to the number of 13 service windows owing to the coherence of the total service rate:
The results of varying the number of service windows are depicted in Fig. 8 . The average transit time for strategy R increased, while those for the other strategies are downwardly convex (Fig. 8 (a) ). The primary factor affecting the curves for strategies N and B is the extended walking distance. As the number of service windows n s increases, the walking time increases with the walking distance as explained in Secs. 3.3 and 3.4. Conversely, greater distance prevents queues from reaching the entrance and decreases the entrance block rate (Fig. 8 (b) ). These effects of distance have a trade-off relationship for the average transit time.
The minimum values for strategies N and B were reached when the numbers of service windows were 3 and 5.
(a) (b) The increase for strategy R is expounded as follows. We considered the utility rate for the jth service window as follows:
According to the convergence condition for the jth service window, ρ (j) < 1, the critical choice probability
can be calculated. Because the critical choice probability P cr decreases with increases in the number of service windows, less agents can choose to go to the same jth service window without a queue diversion.
Here we define X j as the number of events where the jth service window is chosen by agents. The vector 14 X = (X 1 , X 2 , · · · , X ns ) follows a multinomial distribution with a size of 500 and a probability of 1/n s because, in strategy R, the 500 agents choose the service windows with the same probability. If X j is smaller than the critical number of agents who chose the jth service window, that is,
we consider a divergence as having not occurred for the jth service window. Because our simulations run with only 500 agents, an actual divergence did not occur; however, the transit times became significantly large for agents passing through the service windows that did not satisfy the inequality (Eq. (5)). Applying the central limit theorem, the convergence condition for the floor:
was calculated numerically, where A indicates the realm where the convergence occurs, Σ is the variancecovariance matrix of X j and X and P cr are vectors whose jth elements are X j and P cr , respectively.
This analytic probability is plotted in Fig. 9 with the simulation result calculated from the use ratio.
They agree very well with each other. With increasing numbers of service windows n s , convergence becomes less likely to occur. Therefore, both the transit time and the entrance block rate for strategy R increased as shown in Fig. 8 . 
Entrance location: e
In this section, the influence of the entrance location, e, was investigated (Fig. 10) . The left-half entrance locations of the floor are sufficient to be plotted because the floor conditions without the entrance location have lateral symmetry. Both the average transit time and the entrance block rate exhibit the same trend.
As the entrance is altered from the edge of the horizontal aisle to the center, for strategy R, they slightly decreased; moreover, for strategy N , they remained unchanged, and for strategy B, they oscillated. The slight decreases observed for strategy R were caused mainly by the walking distance. The average of the horizontal walking distance from the entrance to all the service windows decreases with the shifting of the entrance location.
We calculated the oscillations of both the average transit time and the entrance block rate for strategy B.
They were attributed to whether the entrance was located in front of a service window (e = odd numbers)
or not (e = even numbers). In the former situation, the choice probability for the front service window was stronger than that for the two closest service windows in the latter situation. Therefore, the entrance block rates for e = odd numbers were higher than that for e = even numbers. This mechanism led to the oscillation of the average transit time. 
Average transit time versus entrance block rate
Finally, we demonstrate the simultaneous representation of the relationship between the average transit times and the entrance block rates explained in Secs. 3.2 -3.6. Figure 11 suggests that both characteristics are mutually dependent. The average transit time slightly increased for an entrance block rate under 0.8, while it rapidly increased for values over 0.8. 16
The service windows have been assumed to be the bottleneck in standard queueing models. However, our simulations confirm that the entrance has an indisputable influence on our model. Therefore, it is important to investigate the entrance condition in addition to the service windows.
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Conclusions
In this paper, we analyzed a queueing floor represented by discrete cells including service window choice from the viewpoint of transit times and entrance block rates. Agents can perceive the choices of other agents on the floor and the distances to each service window. Choices were determined by the agents on a basis of their strategies, which represents the weight they assign to the abovementioned elements, and logit-based probabilities were introduced to demonstrate the choices in our simulation.
We obtained remarkable results. The strategies of the agents exerted a significant influence on the transit times: if the distances to the service windows are considered to be more important by the agents, the transit times become very large, and if the numbers of agents are emphasized more, the transit times become small. There are optimal floor lengths for each strategy and an optimal number of service windows for some strategies that minimize the average transit times of agents. These results were derived from the trade-off in the distances to the service windows, that is, the trade-off between preventing queues from the service windows from reaching the entrance and the greater walking distance. When the entrance is located at center, the walking time decreases; thus, the transit time also becomes small in some window choice strategies. However, if the entrance is located in front of a service window, a long queue encumbers the agents entering from the entrance. Thus, the transit time increases for other strategies. These results can be employed in facility design or floor management. In addition, we discussed the relationship between the entrance block rate and the average transit time to find their mutual dependence. We propose that the entrance condition should be investigated further in queueing systems in addition to the service window conditions. We also examined the influence of the means of the inter-arrival times and the window intervals on the transit time and entrance block rate.
The core of the proposed model is the selection of the queue as one element of the service window choice.
We broadened the horizon of the application of exit choice, that is, from exit choice only in the evacuation literature to service window choice in the floor-management literature. We adopted logit-based probability as a choice mechanism. Our simulation could reproduce results similar to those reported in previous studies.
Lo et al. [30] and Fu et al. [31] revealed that if agents underline the congestion when choosing exits, their evacuation times decrease. We derived small average transit times if the agents tended to choose service windows with short queues. The shorter queue in our model corresponds to the less congested exit in the models of Lo et al. and Fu et al. Therefore, our model using logit-based probability is feasible for addressing congestion issues in queueing systems.
The proposed model can be applied to a broad range of studies and the management of queueing systems, such as security-check areas in airports and ticket gates in amusement parks. As mentioned in Sec. 1, our choice model concentrated on pedestrian densities around all service windows and the distances to the service windows. However, there may remain other factors in criteria of choice of service windows. In evacuation studies, the behavior of other pedestrians and the flow of a particular exit, such as an emergency exit, have been found to be influential on exit choice behavior [29] . Whether such elements are significant for queueing models remains to be studied. In addition to the conducted simulation analysis of our model, we have already collected empirical data and evaluated the validity of our model for a special case [24] . Our model assumes a single homogeneous strategy of service window choice, however, pedestrians in the real world have their own preferences. Therefore, heterogeneous strategies for choosing service windows could be conceived as an extension of our model.
A. Calculation method for time from a log-normal distribution
The calculations were conducted for each inter-arrival and service time as follows. First, we set a time list t = [t 0 , t 2 , · · · , t n ]. The minimum time t 0 and the maximum time t n were set to 0 and the 99th percentile of the log-normal distribution, respectively. The number of divisions n + 1 was set to be sufficiently large, i.e., 12.5t n + 1 , which represents the least integer greater than or equal to 12.5t n + 1. Second, the cumulative density was configured as a list Φ = [F (t 1 ), F (t 2 ), · · · , F (t n )], where F (·) is the cumulative density function of the log-normal distribution. Here, the probability density function and the cumulative density function of the log-normal distribution are represented as follows:
where µ and σ are the mean and the standard deviation of the logarithm, respectively. Third, a uniform random number r in the interval [0, 1) was introduced. Finally, we determined the time. If r was in [F (t i ), F (t i+1 )), we defined the inter-arrival or the service time as t i+1 . If r was greater than F (t n ) the time was determined to be t n .
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Figure A.1: Schematic of the calculation of the inter-arrival and service times from the log-normal distributions in our simulation.
The parameters of the log-normal distribution are set to µ = 1.9 and σ = 1.0 in this figure.
